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Abstract
It is widely believed that via the Seiberg-Witten map, the linearly realized
BPS equation in the non-commutative space is related to the non-linearly realized
BPS equation in the commutative space in the zero slope limit. We show that
the relation also holds without taking the zero slope limit as is expected from the
arguments of the BPS equation for the non-Abelian Born-Infeld theory. This is
regarded as an evidence for the relation between the two BPS equations. As a
byproduct of our analysis, the non-linear instanton equation is solved exactly.
∗moriyama@gauge.scphys.kyoto-u.ac.jp
1 Introduction and summary
Recently the string theory has been found to be more fertile than what it was thought pre-
viously. It contains many important concepts in physics including, among other things, non-
commutativity. D-brane in the string theory with the background NS-NS 2-form Bij has two
effective theories: the ordinary Born-Infeld theory when the Pauli-Villars regularization is
adopted [1] and the non-commutative Born-Infeld theory when the point-splitting regulariza-
tion is adopted [2, 3]. Since the method of regularizations should not change the physical
S-matrices, it was discussed in [4] that these two descriptions should be related by field redef-
initions (called the Seiberg-Witten map).
This relation has also been explored from the classical solutions. In fact, many solitons
and instantons were constructed in the non-commutative space [5, 6, 7, 8, 9, 10, 11] for
investigating many interesting properties by themselves [12, 13, 14, 15, 16] and their relations
to the commutative space [4, 17, 18, 19, 20]. In the most cases except a few attempts [17, 20]
the relation was discussed in the zero slope limit. In the non-commutative side the linearly
realized BPS equation Fˆ+ = 0 is directly obtained from the BPS bound of the Yang-Mills
theory [6] which is the zero slope limit of the Born-Infeld theory. Therefore it is widely believed
that the linearly realized BPS equation in the non-commutative space (which we abbreviate
to the non-commutative BPS equation) Fˆ+ = 0 is related to the non-linearly realized BPS
equation in the commutative space (abbreviated to the non-linear BPS equation) in the zero
slope limit (F +B)+/Pf(F +B) = B+/Pf B by the Seiberg-Witten map.∗ This was implicitly
pointed out in [4] by rewriting the non-linear BPS equation in the zero slope limit in terms of
the open string moduli: the open string metric Gij and the non-commutativity parameter θ
ij ,
which originally appears in the non-commutative BPS equation and the Seiberg-Witten map.
Though persuasive, it is still difficult to show the relation explicitly because the method used
in [4] to connect two Born-Infeld actions cannot be applied to the case of the BPS equations.
On the other hand, it was shown in [21, 22] that although the linear BPS equation is
obtained directly from the Yang-Mills theory, it also reproduces the equation of motion of
the Born-Infeld theory if we adopt the symmetrized trace prescription [23]. Though this was
shown in the non-Abelian case, we can generalize the argument to the non-commutative case
straightforwardly. The fact that the non-commutative BPS equation is unchanged in the zero
slope limit implies that its commutative counterpart also remains the same under the zero slope
limit because the Seiberg-Witten map δAˆi = −1/4δθ
kl
(
Aˆk ∗ (∂lAˆi + Fˆli) + (∂lAˆi + Fˆli) ∗ Aˆk
)
∗ The non-linear BPS equation in the commutative space may be subject to derivative corrections of the
string effective action. We shall discuss this issue in the final section.
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does not depend on the slope α′.
In this paper we rewrite the non-linear BPS equation in terms of the open string moduli
without taking the zero slope limit. We show that, even though we do not take the zero slope
limit, the non-linear BPS equation in the open string moduli takes completely the same form
as that obtained in the zero slope limit. This calculation is also motivated by our previous
work [20] where the non-linear BPS monopole solution without taking the zero slope limit was
rewritten in terms of the open string moduli.†
This result shows that taking the zero slope limit is unnecessary in discussing the relation
between the non-commutative BPS equation and non-linear BPS equation. More impor-
tantly, this result gives us a strong evidence for the conjecture that the non-commutative
BPS equation is related to the non-linear BPS equation, because the invariant nature of the
non-commutative BPS equation under the zero slope limit is perfectly reproduced in the com-
mutative side.‡
In the next section, we shall explicitly rewrite the non-linear BPS equation in terms of
the open string moduli without taking the zero slope limit. And we shall discuss the physical
implications and their applications in the final section.
2 Nonlinear BPS equation in the open string moduli
In this section we shall rewrite the non-linear BPS equation in terms of the open string
moduli. First let us recall the linear supersymmetries and non-linear supersymmetries of
gauginos [24, 25, 23]:
δLλ+ =
1
2piα′
M+ij σ
ijη, (1)
δLλ− =
1
2piα′
M−ij σ¯
ij η¯, (2)
δNLλ+ =
1
4piα′
(
1− PfM +
√
1− TrM2/2 + (PfM)2
)
η∗, (3)
δNLλ− =
1
4piα′
(
1 + PfM +
√
1− TrM2/2 + (PfM)2
)
η¯∗, (4)
where M denotes
M = 2piα′(F +B), (5)
† In the monopole case [20] we only turned on the spatial B-field background. This corresponds to the
special case of Pf B = 0 in the instanton terminology and apparently leads to a singular BPS equation if we
take the zero slope limit. That is why we tried to discuss without taking the zero slope limit in [20].
‡ Another interesting evidence is that both in the non-commutative side [7, 11] and the commutative side
[20] the monopole moduli space is unchanged under the deformation of the non-commutativity parameter.
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with the field strength Fij and the background NS-NS 2-form Bij. Hereafter we shall set
2piα′ = 1 for simplicity, however we can restore it on the dimensional ground. At the infinity
the field strength vanishes and the combination of the unbroken supersymmetries is given as
B+ijσ
ijη +
1
2
(
1− Pf B +
√
1− TrB2/2 + (Pf B)2
)
η∗ = 0. (6)
The non-linear BPS equation is the condition of preserving these supersymmetries:
M+
1− PfM +
√
1− TrM2/2 + (PfM)2
=
B+
1− Pf B +
√
1− TrB2/2 + (Pf B)2
. (7)
For rewriting this non-linear BPS equation (7) in terms of the open string moduli, we
shall first rewrite it into a simpler form. First note from eq. (7), the matrix M+ must be
proportional to B+:
M+ = fB+. (8)
Rewriting eq. (7) into a scalar equation as
f
(
1− Pf B +
√
1− TrB2/2 + (Pf B)2
)
− (1− PfM) =
√
1− TrM2/2 + (PfM)2, (9)
by using eq. (8) and taking the square of eq. (9), eq. (7) is reduced to a much simpler form
[26, 17]:
M+
1− PfM
=
B+
1− Pf B
. (10)
Here we have used the following identities,
TrM2 = Tr(M+)2 + Tr(M−)2, (11)
4 PfM = −Tr(M+)2 + Tr(M−)2. (12)
Note that if we further use the identity,
Pf(F +B) = Pf F + Pf B − TrFB˜/2, (13)
eq. (10) now reads
F+(1− Pf B) = B+(TrFB˜/2− Pf F ). (14)
Now let us proceed to rewriting eq. (14) in terms of the open string moduli: the open
string metric Gij and the non-commutativity parameter θ
ij . The open string moduli is related
to the closed string moduli as [4]
1
G
+ θ =
1
g +B
. (15)
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Since we adopt the flat metric for the closed string metric gij = δij , the open string metric Gij
and the non-commutativity parameter θij are expressed in terms of the B-field:
Gij = δij − (B
2)ij, (16)
θij =
−Bij − B˜ij Pf B
det(1 +B)
. (17)
Since in eq. (14) the self-dual projection appears, we also expect it to appear in the BPS
equation in the open string moduli. As we know from [4] the easiest way to write down the
self-dual projection is neither in the covariant frame nor in the contravariant one but in the
local Lorentz frame. Hence we have to calculate
F+ = (EtFE)+, (18)
θ+ =
(
1
E
θ
1
Et
)+
. (19)
Here the vierbein is defined as EGEt = 1. From the metric (16) we find that the vierbein is
given as
E = (1 +B)−1. (20)
In calculating the self-dual projection of the field strength, we shall go to a special frame
where B has the canonical form as in [4]:
B =


0 b1 0 0
−b1 0 0 0
0 0 0 b2
0 0 −b2 0

 . (21)
In this frame F+ is given as
F+ =
(
1
1− B
F
1
1 +B
)+
=
1
(1 + b21)(1 + b
2
2)


0 f1 f2 f3
−f1 0 f3 −f2
−f2 −f3 0 f1
−f3 f2 −f1 0

 , (22)
where f1, f2 and f3 denote
2f1 = (1 + b
2
2)F12 + (1 + b
2
1)F34, (23)
2f2 = (1− b1b2)(F13 − F24) + (b1 + b2)(F14 + F23), (24)
2f3 = (1− b1b2)(F14 + F23)− (b1 + b2)(F13 + F24). (25)
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We can easily identify terms proportional to F+ and B+, however there are still other terms
to be identified as B+F+ − F+B+:
(
1
1−B
F
1
1 +B
)+
=
(1− Pf B)F+ − (TrFB˜)B+/2 + (B+F+ − F+B+)
det(1 +B)
. (26)
On the other hand, θ+ is much easier to calculate. We find
θ+ =
(
(1 +B)θ(1 −B)
)+
= −B+, (27)
where we have used
B3 = (TrB2)B/2 + (Pf B)B˜, (28)
BB˜B = −(Pf B)B, (29)
which hold for any anti-symmetric 4×4 matrix B.
Since we are considering the non-linear BPS equation (7) which implies that F+ is pro-
portional to B+ (8), it is possible to add (B+F+ − F+B+) to eq. (14) freely because we have
B+F+ − F+B+ = 0. Collecting all of our results and comparing them with eq. (14) we find
it remains to rewrite Pf F into the local Lorentz frame:
Pf F =
Pf F
det(1 +B)
. (30)
Therefore our non-linear BPS equation (7) is finally rewritten as
F+ = θ+ Pf F . (31)
Amazingly, this is the same form as that obtained in the zero slope limit [4].
3 Physical implications and further directions
First, our analysis in this paper is important in the conceptual sense. We have given another
strong evidence for the fact that the non-commutative BPS equation is mapped to the non-
linear BPS equation, because the invariant nature of the non-commutative BPS equation under
the zero slope limit is perfectly reproduced in the commutative side. In fact, the non-linear
BPS equation without taking the zero slope limit has the same form as that obtained in the
zero slope limit [4] when they are rewritten in terms of the open string moduli (31).
Secondly, so far we have neglected the stringy derivative corrections to the Born-Infeld
theory. Strictly speaking, it is the non-commutative and commutative Born-Infeld theory
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with derivative corrections that should be related by the Seiberg-Witten map, not the Born-
Infeld theories themselves. Hence if we would like to discuss the relation between the two BPS
equations, we have to see if the two BPS equations remain unchanged when the derivative
corrections are taken into account. In the commutative side, the solutions of the linear BPS
equation are also solutions of the Born-Infeld theory with corrections [27]. However we do
not know a similar argument for the non-linear BPS equation. To clarify this point is an
interesting direction. Our result (31) might give a clue to this question.
Thirdly, as a technical application this rewriting enables us to find an instanton solution to
the non-linear BPS equation for a general constant B-field background without taking the zero
slope limit. In [17] the solution is constructed under the condition B− = 0, because otherwise
the solution is very intricate. However, the non-linear BPS equation is now rewritten as (31),
which is completely solved in [4]. Hence it is possible to read off the solution to the non-linear
BPS equation directly:
Ai = θ
+
ijx
j
·
1
4
(
−1 +
√
1 +
32C
R4
)
, (32)
with 2θ+ij = −(1 − TrB
2/2 + Pf B)Bij − (1 − Pf B)B˜ij and R
2 = xi(1 − B2)ijx
j . Though
the solution should be independent of θ− as noted in [4], our solution (32) has a non-trivial
dependence on B−. In this way the commutative counterparts of the non-commutative Abelian
instanton and monopole [5, 11] with or without taking the zero slope limit are all constructed
[4, 20].
Finally, since we have rewritten the non-linear BPS equation completely in terms of the
open string moduli, we should expect the tension of the exact monopole solution found in [20]
also has a trivial dependence on α′. However, it was discussed in [11] that this is not the case
and there might be a discrepancy between the non-commutative and commutative viewpoints.
It is very important to resolve this discrepancy.
Note added
After submitting this paper for the publication, the authors of [11] made a revision to resolve
the discrepancy between the monopole tensions mentioned in Sec. 3 of this paper and showed
that they do not depend on α′.
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